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Abstract 

In this paper, we study global well-posedness of the two-dimensional Keller- 
Segel model in Lebesgue space and Sobolev space. Recall that in the paper ^'Ex- 
istence and uniqueness theorem on mild solutions to the Keller-Segel system in 
the scaling invariant space, J. Differential Equations, 252(2012), 1213-1228", 
Kozono, Sugiyama & Wachi studied global well-posedness of n(> 3) dimensional 
Keller-Segel system and posted a question about the even local in time existence 
for the Keller-Segel system with L^{R^) x L°^{R^) initial data. Here we give an 
affirmative answer to this question: in fact, we show the global in time existence 
and uniqueness for L^(]R^) x L°°(M^) initial data. Furthermore, we prove that 
for any Hl{^^) x i/i(R2) initial data with Hl{W^) := H^{^^) n L°°{^^), there 
also exists a unique global mild solution to the parabolic-parabolic Keller-Segel 
model. The estimates of supj^g^^"^ li^lUf fo^' ("-jP) — (2,oo) and the intro- 
duced special half norm, i.e. sup^g (1+^)^^ || Vt;||L== , are crucial in our proof. 

Keywords: Keller-Segel model; Fourier transformation; well-posedness; decay property; 
parabolic-parabolic system. 
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1 Introduction 

In this article, we study the following two-dimensional (2D) Keller-Segel model: 

«t - Au-h V • (nVv) = in(0,oo)xM^ (I.I) 

vt-I^v + v-u = {} in(0,oo)xM^ (1.2) 

{u,v)\t=Q = {uo,vo) in M^, (1.3) 

where (t, x) G (0, oo) x M^, u = u(t,x) and v = v{t,x) are the scalar valued density 
of amoebae and the scalar valued concentration of chemical attractant, respectively, 
while (mo)^o) is the given initial data. For the derivation of the equation, we refer 
to Childress and Percus [3j and Keller and Segel [H]. 



Noticing that (|l.ip - (jl.2p is "almost" scale invariant since ut — Au+'V-{uVv) = 
and Vf — Av — u = are invariant under the following transformations 

{u{t,x),v{t,x))^{X'^u{XH,Xx),v{X^t,\x)) for A > 0. 

The idea of using a functional setting invariant by scaling is now classical and orig- 
inates several works, see for instance, global existence of mild solutions to system 
pn]) - (fL3]) for initial (uo,wo) G x /^^''^(M") with max{l, f } < r < § 

in [IT], for initial {uo,vo) e L^J^{M.'')xBMO{W) with n > 3 in [18], and for initial 
{uo,vo) ELi(M") X ii'2",^(]Rn) ^ith n > 3 and < a < i in [l9]. It is also 

known that apart from existence and uniqueness of mild solutions in scale invariant 
spaces, there are papers on asymptotic behaviors (see e.g. [12], [32]) and stationary 
solutions (see e.g. [9], [24] )• We also refer readers to, for instance [TT] and references 
cited therein, to see results on the quasilinear degenerate Keller-Segel system. 

The first goal of this paper is to answer Kozono, Sugiyama and Wachi's question 
in |19j of figuring out whether there exists a solution to system (ll.ll) - (ll.3p even 
locally in time for {uo,vq) £ L^{M.'^) x L°^(IR^). In fact, we prove that there does exist 
a unique global mild solution to system ()l.ip - ()1.3p with (uq, vq) £ L^(R^) x L°°(R^) 

by estimating t||ii(t, OIU"" ) [[""(^j OIIli aiid i2 ||Vt;(t, •)||loo in the L^-framework, see 
for instance Moreover, by exploring the special structure of system (II. ip - 

()1.2p . Deng and Li established global existence of mild solution for initial data 
{uq, vq) G L'^{M?) X L°°(M^) with 1 < q < oo, where global existence of mild solution 
for initial data (uo,vo) G L°°(M^) x L°°(M^) was left as an open question. 

The second goal of this paper is to study global well-posedness of system (jl.ip - 
(fOD with Hl{R^) X H'^{R^) initial data. Up to now, there are several results on 
local and global existence of system ([ri])-([r3]) for (uo,fo) G H^iM?) x H^iM?) 
with u >1 (cf. Nagai, Senba and Yoshida [26] , and Yagi [33]) and result on global 
existence of system ([rTJ-([r3]) with initial data {uo,vo) G H-'^(R'^) x H^(R'^) (cf. 
[2]). Recalling that H^iR"^) ^ H^iR"^) and ^^^(M^) can not be embedded into 
L°°(M^), hence global existence of mild solution to system ()l.ip - ()1.3p with (uq, vq) G 
H^{R'^)xH^(R?) improves the previous results. The proof is based on a combination 
of the L^-Fourier multiplier theory, the smoothing properties of heat kernel and the 
new half norm of v, i.e. sup^>o*^(l + ^)~^ || VwUloo which balances the need for t 
near zero and t near infinity. With this unusual half norm, different form the usual 
scaling invariant ones, enables us to overcome the main difficulty and to close the 
iteration scheme. At last, global well-posedness of system (ll.ip -( fL3]l with initial 
data (no,uo) G H^{R^)xH'^{R^) is left as another open question. 

Next we recall some results concerning the parabolic-elliptic/parabolic- hyperbolic 
Keller-Segel systems. Concerning the parabolic-elliptic Keller-Segel model 

ut = An — V • (uVv), Av = v — u. 

It was conjectured by Childress and Percus [4J that in a two-dimensional domain O 
there exists a critical number c* such that if uo{x)dx < c* then the solution exists 
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globally in time, and if uo(x)dx > c* then blowup happens. For different versions 
of the Keller-Segel model, the conjecture has been essentially proved; for a complete 
review of this topic, we refer the reader to the paper [10] and the references therein, 
also see e.g. Diaz, Nagai, and Rakotoson [7], Blanchet, Dolbeault and Perthame [1]. 
As for the hyperbolic-hyperbolic Keller-Segel model 

dtu = Au + V • (uVw), dtw = u, 

it was used in [3lj for one dimensional case and was extended to multidimensional 
cases in [22], and has been studied in |2H I27j and a comprehensive qualitative and 
numerical analysis was provided there. We refer readers to references [3 El [H |T5l 
[T6l [23t [25t [28l \29\ \M\ for more discussions in this direction. 

Throughout this paper, both J^f and / stand for Fourier transform of / with 
respect to space variable and J-~^ stands the inverse Fourier transform. Let C and 
c be positive constants that may vary from line to line. A<B stands for A < CB 
and A ~ i? stands ioi A < B < A. For any (p, g) G [l,oo]^, we denote L*'(0,oo), 
L9(M2), i?^(R2) and LP(0, oo; L'?(]R2)) by Lf, L'?, and Lj'L'?, respectively. 

Theorem 1.1. For any initial data (uq, vq) G L-'^(M^) xL°°(M^) with sup^^olk'^^ollLi 
and sup^^o*^ ||Ve*^^;o||L'^ being small, there exist a unique global mild solution (n, v) 
to system ()l.ip ~ (jl.3p and positive constant c such that 

{u,v) G C([0,oo);L1(R2)) x C7^([0, oo); L°°(R2)) 

with Cw{[0, oo); X) being the set of weakly- star continuous functions on [O, oo) valued 
in Banach space X, and 

sup + i||^i||Loo + II Vi; II loo) 

t>o 4c 

< 2sup(||e*'^uo||Li +t||e*'^uo||Loo + ||e*^Vt;o||Loo), (1.4) 
t>o 4c 

which yields that ||u||l°° < o{t^^) and ||Vu||loo < o{t~2) as t ^ oo. 

Remark: (i) Applying Lemma [23] to Proposition 13. 11 we observe that (jl.4p holds if 

1 1 3 
sup(||e*^no||Li +t||e*^no||L- + — t^||e*^Vz;o||L-) < ^77^- (l-^) 
t>o 4c 32c^ 

■P 1 

Applying ||4^e ^\\lp < t ^^'^ and Proposition 12.41 to the left hand side of (jl.Sp . 
it suffices to assume that 2||uo||li + 5;||Vuo||^-i ^3^) where 

- w tA 

FO RO ~ VtJo R-i =SUpt2 e Vfo LOO < kiQ L°° 

^00,00 ^00,00 

since Riesz transforms "y=^ are bounded in homogeneous Besov spaces, -v/— A maps 
-^00,00 isomorphically onto i^oo^oo and ■y=^ maps -B^^oo isomorphically onto -BJ^^qo 
(see [30], Theorem 1, p. 242). Therefore, only B^ ^ smallness of vq and smallness 



3 



of uq are needed. Local existence of mild solution follows directly by changing 
time interval [0,oo) into [0,T]. However, if vo{xi,X2) = l[o,i](xi) and {t,xi,X2) G 

(0, ^) X {t^, 2t^) X (—00,00), then there holds 



64^ 

1,^ iA . M 1 \xi-yi\ _{fi^M!±if2^, . ^, , 

U\die vo{xi,X2)\=l I ——-j=-e « Ip^y (yi)dyidy: 



—00 
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" it d- 



1 — a^l 1 — a^]^ 

1 /" _,2 1 /" V4t _ 2 

az = / ze dz 

3 
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> —= / ze ^ dz = cq. 



For such 770, if we set = fo/co, then we have 

lim sup t2 ||Ve*^?;o||Loo > 1. 
T^o+ 0<t<T 

Hence it seems difficult to prove local (global) existence of mild solution for arbitrary 
large V-{^^) x L°°(M2) initial data. 

[a) Proof of Theorem 11.11 also applies for ut — Ati+V-(nVf) = and wj — +n = 
with initial data {uq,vq) G ^^(M^) x L°°(]R2). 

Here and hereafter, we set a{t) = 1 2 [\-\-t)^2. Then we state the following result. 

Theorem 1.2. For any initial data {uq,vq) G -ff^(IR^) x H^{^), there exist positive 
constants £q and c so that if \\uq\\loo + ||no||//i + j^lbolli^i < ^O; then system (jl.ip - 
()1.3p has a unique global solution (u, v) satisfying 



{u±v, u±aVv, Vu±Vv) G C{[0,oo); H^R^)) x L^L°° x L^H^. 
Moreover, \\u± j^\\L^m + j^'^v\\l'^l°° + \\^u\\l^l^ + ^l|Vv||i2j^i < 2eo- 

P/an of the paper: In Sect. 2 we introduce several preliminary lemmas, while in Sect. 
3 we prove Theorems 11.11 and 11.21 



2 Preliminaries 

In this section, we list several known lemma and prove some key lemmas which 
will be used in proving the well-posedness of the parabolic-parabolic chemotaxis. 
The first lemma given below is concerned with initial data belonging to H^{M?). 
For simplicity, here and hereafter, we omit the space domain in various function 
spaces, for instance H^(M?) is denoted by H^, if there is no confusion. 
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Lemma 2.1. Let n = 2, A = y/—A, (s, 6, r, p) G (— oo, oo) x [0, oo) x [1, oo] x [2, oo] 
and V G . If m{t,^) G L^B^ and m{t,D)v =J^~^m{t,(^)v{(^), then we get 

\\m{t,D)v\\LiH^ < ||"i||Lj-L^||f (2.1) 
Else ifmsit,^) := ^)|^|'^ ^L^L^ and ms{t,D)v = F^^mj{t,^)v{£,), then we get 

\\m5{t,D)v\\LPHs < \\ms\\i<^Lp\\v\\H=. (2.2) 

Proof. Proof of ()2.ip follows from classical Fourier multiplier theory and, for readers 
convinience, we give the detail proof as follows: 

2^4^T^ Ml 

2 



\m{t,D)v\\LiH' < ||m(t,0(l + I -n^viMlLiL] 
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< \\m\\LiL^\\{l + \r)^vi-)\\Ll 



< 



"l||L[L?'||f (2.3) 



where we have used Plancherel equality twice. 

In order to prove ()2.2p . by making use of Plancherel equality, Minkowski's in- 
equality. Holder's inequality and Plancherel equality again, we get 



\msit,D)v\\LP^H^ < \\ms il + \-\^)iv{-)\\ 

\ms {l + \-\^)iv{-)\\LU? 



< llm^ fl + I -Pl^i 

< iI"15|Il-l?II(i + I f)^^(-)llL| 

^W'^^sh^^MlHs- (2.4) 



Hence, we finish the proof. □ 

The skill used in the above Lemma will be used repeatedly in the following parts. 
The next Lemma is devoted to estimate the bilinear term which is known as the 
maximal L^L'^ regularity result for the heat kernel (cf. [20], Theorem 7.3, p. 64). 

Lemma 2.2. (Maximal L^L'^ regularity for heat kernel) The operator T defined by 
g{t, x) ^ Tg{t, x) = f e^'-^^'^Agir, x)dT (2.5) 

JO 

is hounded from L^L'^ to L^L'^ with 1< p <oo and 1< q< oo. 

The next Lemma is also dedicated to estimating the bilinear term. 
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Lemma 2.3. For any (s, c, ci,p, r, pi) G M x (0, oo) x [2, oo] x [1, 2] x [1, oo], pi > r 
andO <9< 2(1+^— i), if m{t,^) = and fi{t,^) = ^^^l^^^^i , then there exists 

constant Cg^p^^r depending on 6, pi and r such that have 



i 



m{t-T,D)K^+l--rF{T,x)dT\\LVHs < \\F\\lih^, (2.6) 



/ fs{t-T,D)A'F{T,x)dT\\^Pr^, < Ce,p,AF\\ (2.7) 
Jo 



Proof. In order to prove setting (0 = Vl+W and by using Plancherel equal- 
ity, the Minkowski inequality, the Young inequality and the Minkowski inequality 
as well as Plancherel equality, we have 



\[ m{t-T,D)A^+l '-F{T,x)dT\\LVHs = \\ [ m{t-T,0\^f^'^~hO'F(.r,OdT\\L^L^^ 
Jo Jo ^ 

< 11^ m(t-T,e)|e|'+^'(0'F(T,e)dr|L2^P 



< 



< sup \\m{.,mr--"\\ -^mm,mLiL^, 



< \\F 



It remains to prove (12.70 . Using the integrability of e "^t ^^pi , we get 

rt ft g 

11/ fi{t-T,D)A^F{T,x)dT\\^Pifj, = \\ / e-"(*-^)(t-r)-2||F||^,(ir||^Pi 

JO * Jo * 



_ PI r , _ 9pi r \ 1+^!^ — 

<( / e'^'Pl ^+r-Pl t~ r + r-p) ] fl '■||^|| 



^ V , - - —J II- ilLJ-H" 

^ Ce,pi,r\\F\\]^rfjs- 

Therefore, we finish the whole proof. □ 

Let us state the equivalent definition of Besov space Bp g := i?p ,j(M^) using heat 
semigroup method (for a proof see, for instance [Slj p.l92 or [20j Theorem 5.4, p. 45). 

Proposition 2.4. Let {s,p, q) G (— oo, 0) x[l, oo]^. The homogeneous Beosv space Bp ^ 
is defined as the set of tempered distribution f such that 

= {l^it^\\e'^f\\L.yj)' ^fl<q<oo, 
_ = supt^||e*'^/||LP ifq = oo. 



t>0 
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The last lemma of this section is a slightly generalized version about the well- 
known Picard contraction principle (see for instance [20], Theorem 13.2, pT24) which 
is used to prove the main results concerning well-posedness of (jlTp - (|1.3p with 
{uo,vo) either belonging to L^(M2) x L°°(M2) or belonging to H^iM."^) x H'^{R^). 

Lemma 2.5. (The Picard contraction principle) Let {X x Y, \\ -Hx + ll "11^) 
abstract Banach product space, L : X ^ Y and B : X xY ^ X are a linear operator 
and a bilinear operator, respectively, such that for any (n, v) £ X x Y, there exist 
positive constant c and if 

\\L{u)\\y < c\\u\\x, \\B{u,v)\\x < c\\u\\x\\v\\y, (2.8) 

then for any (e*^no, e^^^-^^^o) £XxY with ||(e*^no, i-,e"^'^^^^vo)\\xxY < 3^, the 
following system 

{u, v) = (e*^no, e*(^-i)7;o) + {B{u, v), L{u)) (2.9) 

has a solution {u,v) inXxY. In particular, the solution is such that \\{u, ■^)\\xxY ^ 
211(6*^^0, ^e*('^"^)vo)IUxy and it is the only one such that \\{u, j^)\\xxY < j^- 

Proof. The proof is standard now. However, for reader's convenience, we give a brief 
proof. We first define a mapping XxY^XxY such that 

$(n, v) = {e'^uo, e'(^-'Ko) + {B{u, v), L{u)). (2.10) 

Applying simple transformations, i.e. w = and wq = -^vq to (j2.10p . we get 

^iu, w) = (e*^uo, e^^^-^^wo) + (4cB(n, w), ^L(u)). (2.11) 

4c 



By applying (^M) to (^TT]) . we have 

\\<^{u,w)\\xxY < \\{e^^uo,e*^^-'^'>wo)\\xxY + 4:C^\\u\\x\\w\\y + ^\\u\\y 



< Ao + c^\\iu,w)fx^Y + \\\{u,w)\\xxY, (2.12) 

where ^0 := ||(e*^no, e*(^~^)wo)||xxy- Let B{0,2Ao) C X x Y he a closed bah 
centered at origin with radius 2Aq. From (I2.12p . we observe that $ is well defined 
in i?(0, 2^0) and maps B{0,2Aq) into itself. Moreover, for any {ui,wi), (1*2,^2) G 
B{0, 2Ao), by making use of (12. Sp . we get 

\\^{ui,wi) -^{u2,W2)\\xxY = \\{'^cB{ui,wi)-4:cB{u2,W2), "^^"^^ )||xxy 

4c 

< 4c^ max{||li2||x, \\wi\\y}\\{ui- U2,Wi- W2)\\xxY + -^\\{ui- U2,Wi- W2)\\xxY 

< Sc^AoWiui - U2,wi - W2)\\xxY + ^\\{ui " U2,wi - ■u;2)||xxy 
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< (8c2^o + ^)ll(^^l - U2,Wi - W2)\\xxY, (2.13) 

where Sc^Aq + ^ < 1 since Aq < From (j2.13p . we observe that $ : {u,w) i— )• 

$(ti, w) in ()2.1ip is contractive. Thus there exists a unique solution (u, w) to (j2.1ip . 
which shows that (|2.10p also has a unique solution (n, v) to (|2.10p provides that 
||(e*^«o, i:e'^^'^)vo)\\xxY < 3/32c2. □ 



3 Proof of Theorem 11.11 

. 1 -Mf. 

As usual, we apply the heat semigroup e with heat kernel to invert 

system (jl.ip - (jl.3p into the following integral equations via the Duhamel principle: 



I e(*-^)^V • {uVv)dT := e*^no - B{u, v), 
Jo 

t{A-i)„^ + f e(*-)(^-i)n(ir := e'^^~'\o + Hu). 
Jo 



(3.1) 



Let c be the largest positive constant that appears in the linear and bilinear estimates 
and depends only on dimension. By denote ^ by w, we get the following system 



4c / e(*"^)^V • {vSJw)dT := e*^uo - 4cB{u, w), 

t (3-2) 

u; = e*(^-i)u;o + ^ [ e(*--)(^-i)ndT:=e*(^-i)u;o + ^L(u), 
V 4c Jo 4c 

where we regard equations (j3.2p as a fixed point system and let mapping <^> be 

$ : {u,w) ^ (e*^no, e^^^-^'^woj + - 4c5(u,'u;), ^^(^i))- (3-3) 
We call solution (u, 4cw) to (|3.ip miW solution of (jl.ip - (jl.3p if {u,w) solves (|3.2p . 

3.1 Proof of Theorem [TT] 

In this subsection, we prove global well-posedness of system (j3.2p with initial 
data (wc-u^o) G i^(K^) x L°°(M2) by making use of the Kato's L^-framework. At 
first, we set 

X = {u e cS'(M^ X (0,00)); sup ||ti(-,t)||Li + sup t\\u{-,t)\\Loo < 00 }, 

t>o t>o 

Y = {w e 5'(m2 X (0,00)); supt5||Vu;(-,t)||Loo <oo}. 

t>0 

Then we prove that for suitably small initial data {uq,wo) the mapping <I> is con- 
tractive and maps a closed ball of X x 1" into itself. 
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Proposition 3.1. For any initial data {uo,wo) G x L°°, there exists positive 
constant c such that 

|(e*^uo,e*(^"^)u;o)IUxy < c\\{uo,wo)\\li^^o ^ c||(uo,u;o)||lixl«=, 

1 1 (3-5) 

\4cB(u,w)\\x ^ \\u\\x\\w\\y and 11— L(n))||y < 

4c 4 

Proof. We divide the whole proof into two parts concerning with c^^uq, e~^e^^wo 
and B{u,w), L{u), respectively. 

Part I. Estimates for ||e*^no||x and ||e~*e*^t(;o||y • Recall that the heat kernel is 
^e~^. Then for any t > and 1 <p < oo, there hold 

1 11^ 1 11^ 3 1 

111 — e"~||LP < r-^+p and ||- — Ve"~ ||lp < t"2+p . (3.6) 

|y|2 

Applying Young's inequality and (j3.6p to e*^iio(a:) = j(g24^e~~no(x— we get 
lle^^iiollx = sup ||e*'^uo||j;,i + sup t ||e*^iio||L°° 

„ 1 „ 1 

< sup — — e 4t ||^i||no||ii +supt||— e « ||l°°IFoIIli 
t>o 47ri t>o 47rt 

<2||uo||li (3.7) 
or from Proposition 12.41 and embedding theorem ^ -^oo^ooi have 
sup t||e*^tiollL°° = ll'iioll R-2 < ci||no||ri. 

We emphasize here that for any {s,a,p,q) S x [l,oo]^, (—A) 2" maps Bp g iso- 
morphically onto -B*"" (cf. |30] . Theorem 1, p. 242), which is a direct consequence 
of the well known Bernstein's inequalities. Thus following similar arguments of e*^ 
and using (|3.6p as well as Proposition 12.41 we get 

||e~*e*^wo||y = sup t^\\e~^e^^Vwo\\u>° < sup 1 2 ||e*^Vt(;o||L°° 

i>0 i>0 



= 11^^110110-1 ~||wo|lBO 

-DCXD,CXD -'-'00,00 

< ci||wo||l°°, (3.8) 



where the fourth and the fifth inequalities follow from Theorem 1 of [30j p. 242 and 
boundedness of Riesz transforms -^7=^ as well as ^-B^^oo- 

Part II. Estimates for \\B{u,'w)\\x and L{u)\\y- As for ||i3(n, zi;)||x, we have 

\\B{u,w)\\x = sup 11/ e(*-^)^V • (uVu')dTllii + sup t\\ [ e'^^'^^^V ■ {uVw)dT\\L^ 
t>0 Jo t>o Jo 
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< sup / {t — t) 2 \\uVw\\ LI dr + sup t {t — t) 2\\uVw\\LidT 

t>0 Jo t>0 Jo 

f-t ^ 

+ SUpt (t — T)^2\\uVw\\L°°dT 

t>o Jl 

< sup ( / (t — r)~2r~2dr + / r^adr) supra ||(nVw)(r)||£i 
i>o ^Jo ytJo ' T>o 

+ supt/ {t — t) 2r 2 dr sup T 2 \\(u'Vw){t)\\ LOO 

t>0 Jl T>0 

< C2sup(||n(r)||ii +r||n(r)||Loo)supT5||Vw(T)||Loo 

T>0 T>0 

< C2||n||x||w||y. (3.9) 

As for from definition of || • ||y, we need to estimate 

,.t 

supt^||VL(n)||Loo =supt^|| / e-(*-^)e(*-^)^Vn(ir||Loo 
t>0 t>o Jo 

< sup (t^ /"^(* ~ *^/t ~ ry^T'^r\\u{T)\\LoodTj 



t>0 

< C3sup(||n(r)||ii + t\\u{t)\\loo) 

T>0 

<C3||n||x. (3.10) 

Setting c= maxjci, C2, C3}, combining (|3.4p - (j3.10p . multiplying B{u,w) by 4c and 
multiplying L{u) by ^, we prove (13. Sp . □ 

Proof of Theorem ll.lt At first, applying Proposition 13. H following similar 
arguments as in the proof of Lemma [231 we prove that there exists a unique solution 
{u,w) G 5(0, 2^10) C X xY to system ^ if ^10 := ||(e*^«o, e*(^-^)u;o)||xxy < 
3/32c^. Moreover, this solution also satisfies ^{u,w) = {u,w). Prom (|3.7p - (j3.8p . it 
suffices to assume that ||(iiO)''^o)||rivRO < 3/32c^ since Aio < c||(uo,'Wo)||rivRO < 
3/32c2. 

Next we show that w £ C^([0, 00); ^"^(M^)). From ([32]) and (f33]) . we have 

sup WwWl"^ = sup ||e*('^~^)'Wo + -^L{u)\\l-^ < \\wo\\l'^ + jlhlU, 
i>o t>o 4c 4 

where in (j3.10p . C3 = sup^>o(*^/o^(^ ~ ''")~^^''" + *^///2(^ ~ ''")~^''" "'^^''") similarly 

\\1l{u)\\lo^ = h\ re(*-^)(^~i)ndr||Loc < 1|| [\('--)^udT\\L^ 
Ac 4c Jo 4c Jo 

[\t-Ty^2iT~^)\\u{T)\\LoodT+^ [ T-W\\u{T)\\L^dT 

4c Jo 4c Jt 
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Moreover, following a dense argument in L^{M?) we can prove the time continuity 
of u. Since Schwartz function space is not dense in L°°(R2), we can only obtain the 
weakly star time continuity of solution w. 

Finally, performing transformation: {u, v) = (u, icw), we get the unique solution 
{u,v) of dLlD-dO]). 

3.2 Proof of Theorem 

In this subsection, we prove global well-posedness of system ()3.2p with initial 
data (mo,wo) £ H^i^"^) ^ H^iM."^) by making use of the Kato's framework, see [IS] 
for instance. At first, we recall that a{t) = (1 -|- t)~2 and then we set 

X ={u £ 5'(]R^x(0,oo)); sup \\u{-,t)\\Hi + \\'^u\\r2rri+ ||m||l°°l°° < oo }, 



The following Proposition will play a central role in proving Theorem 1 1.21 

Proposition 3.2. For any initial data {uo,wo) G H^{]S?) x H^(M?), there exists 
positive constant c such that 



and IKe'^^Mce^^"^ ^^wo)\\xxY<c\\{uo,vo)\\mxm- 

b 

Proof. We divide the whole proof into two parts concerning with (e*^uo, e~*e*^wo) 
and {—AcB{u,w), j^L{u)), respectively. 

Part L Estimates for ||e*^no||x "-'^d ||e~*e*^'u;ol|y ■ As for ||e*'^uo||x! noticing that 
g-ct|$P g LfL"^ and e""^*'^'^^ G L'^^l, then by applying Lemma [2T] and Young's 
inequality, we have 




(3.11) 




e nollx = ||e uo\\L^Hi + \\e ^uqW^^i + Wc uoWifL' 

< ll^oll/fi + Ikoll/fi + II'UoIIl"" 

< c||-uo||m. 



oo 



(3.13) 



Similarly, we have 




L^m + l|e *e*^Vwo||L2/fi < c||wo||hi- 



(3.14) 
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Recall that a{t) = t2 (1 + t)-2. Then we get 

||(TVe"*e*^wo||L-L'- = supt5(l + t)-3e"*||e*'^Vu;o||L°° 

t>0 



< supt2 ||e*'^Vii;o||L°° = ||Vwo||b 
t>o 



<c\\Vwo\\l2<c\\wo\\h^, (3.15) 

where we have used Proposition 12. 4| embedding theorems of Besov spaces (cf . [30] ) . 
Part II. Estimates for \\B{u,w)\\x and \\L{u)\\y ■ As for we get 

\\B{u,w)\\x = \\B{u,w)\\l^h^ + \\VB{u,w)\\l2h^ + \\B{u,w)\\l^l^ 

< II [ e(*-^)^V • {uV w)dT\\ LOO L2 + II / e(*-^)^VV • {uVw)dT\\LooL2 
Jo * Jo * 

+ II / e(*-^)^VV • {uVw)dT\\L2L2+ II / e(*-^)^AV • {uVw)dT\\L2L2 
Jo ^ Jo * 

+ II / e(*-^)^V • {uVw)dT\\L°-L-o 
Jo 

■.= h+l2 + h + h + h. 
where by applying Lemma 12.31 we have 

h < cll-uV-u; 11^2^2 < c||n||i^oo^oo||Vu;||i2i2, (3.16) 
h < c\\uVw\\lool2 < c||n||L^oo^oo||Vw||ic«^2 (3.17) 

and by applying Lemma [2.2l Holder's inequality and interpolation theorem, we have 

Is < c||nVu;||^2i2 < c ||n||Lj«Loo ||Vu;||i2i2, . (3.18) 

Similarly, we have 

h < c||V • iuVw)\\L2L2 < c{\\Vu ■ Vw\\l2l2 + ||nAw;||^2i2) 

< c(||Vu||i4i4||Vtf||i4i4 + ||n||Lj«Loo||Vu;||^2^i) 

< c(h|||^^^i||Vtx|||^J|u;|||^^,||V«;|||^, + hlU-L- ||Vu;|L2^0, (3.19) 

where ||/||%.4 < c||/f . i < c||/|| roo^2||V/||i2^i. As for h, by splitting the time 
interval, we obtain that if t > 2, then l<t — l<T<t, 1< —t-t = ^^^^ < 2 and 

Jo * 

t-t-l r-t 

< II / e(*-^)^V- {uVw)dT\\Lf'D'° + II / e(*-^)^V • {uVw)dT\\Lf l^^ 
Jo ' Jt~l * 
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t-1 rt 



<C I {t - Ty2\\uVw\\LldT + C I {t- Ty2\\uVw\\Lo^dT 

Jo Jt-1 

< cdlnVwIl^oo^i + \\uVw\\l^l°^) 

< c(||n||ioo^2||Vt(;||i^oo^2 + \\u\\L^L^\\aVw\\L'^L^); (3.20) 
Else if < t < 2 and < r < t, then we get /2 < a^r) < and 

I5 = II / e(*-^)^V • {uVw)dT\\L-oL^ 

Jo 

<ll / {t-T)--2^a{TmuVw){T)\\L^dT 

Jo (^{V 

< c I {t — r)^ 2r^2 ||ti||^oo 2^00 ||cjVi(;||l^ 

Jo 

< c\\u\\L^Loo\\a'\/w\\L'^Lao. (3.21) 

In order to estimate ||L(u)||y, we have 

||L(u)||y = \\L{u)\\l^h^ + \NL{u)\\l2h^ + WaVwU^L^ 

■. = h + Ij + Is, (3.22) 

where by applying Lemma 12.31 (|2.7p to I5 , we have 

Jo 

< sup / e~*^'^||n||j|^i(ir 
t>o Jo 

< c||n||j;^oo^i (3.23) 

and by applying to VL{u) = L{Vu) and AL(u) = VL{Vu) with = and 
= 1, we have 

h = ||VL(n)|L2^i < \\VL{u)\\l2l^ + ||VVL(n)|L2^2 
<||L(Vn)|L2^2 + ||VL(Vn)|L2^2 

<c||Vn|L2^2. (3.24) 

It remains to estimate Is = ||cVi(;||l^oo^oo . Recalling the definition of w, we get 

i-t 

/g = supt5(l + t)-2|| / e-*+^e(*~^)^VudT||Loo 
t>o Jo 

I-t ^ 

< CSUp / e~^^'^ {t — T)~'2dT\\u\\L^L°° 

t>o Jo 

< c ||u||l°° l°° • (3.25) 
Combining (j3.13p - (j3.25p . we prove (j3.12p and hence finish the proof. □ 
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Proof of Theorem 11.11 Applying Proposition 13.21 following similar arguments as 
in Lemma 12.51 we can prove Theorem 11.21 and hence we omit the details. 
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